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ABSTRACT 

□ This paper studies the light-tailed asymptotics of the stationary tail prob- 
ability vectors of a Markov chain of M/G/1 type. Almost all related studies 
have focused on the typical case, where the transition block matrices in the 
non-boundary levels have a dominant impact on the decay rate of the station- 
ary tail probability vectors and their decay is aperiodic. In this paper, we 
study not only the typical case but also atypical cases such that the stationary 
tail probability vectors decay periodically and/or their decay rate is deter- 
mined by the tail distribution of jump sizes from the boundary level. We derive 
light-tailed asymptotic formulae for the stationary tail probability vectors by 
locating the dominant poles of the generating function of the sequence of those 
vectors. Further we discuss the positivity of the dominant terms of the obtained 
asymptotic formulae. 

Keywords Light-tailed asymptotics; Markov chain of M/G/1 type; Stationary 
tail probability vector; generating function; Dominant pole. 
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1 Introduction 

This paper considers a Markov chain {(X„, S'„); n = 0, 1, . . . } of M/G/1 type 
[|20L where X„ G {0, 1, . . . } and 

5„gMo = {1,2,...,Mo}, ifX„ = 0, 
5„ G M = {1, 2, . . . , M}, otherwise. 

*This is a revised version of the paper published in Stochastic Models vol. 26, no. 4, pp. 505-548, 
2010. In the revised version, some errors are corrected. 

Address correspondence to Hiroyuki Masuyama, E-mail: masuyama@sys.i. kyoto-u.ac.jp 
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The sets of states {(0, j); j G Mq} and {(A;, j); j G M} (A; = 1, 2, . . . ) are called 
level and level k, respectively. Arranging the states in lexicographical order, 
the transition probability matrix T of Sn)] n = 0, 1, . . . } is given by 



lev. 
1 
2 

3 



lev. 12 3 

/B(0) B{1) B{2) B{3) 

C(0) A(2) A(3) 

O A(0) A(l) A(2) 

O O A(0) A(l) 

V : : : : 



(1) 



where A{k) (A; = 0, 1, . . . ) is an M x M matrix, S(0) is an Mq x A/q matrix, 
B{k) (A; = 1, 2, . . . ) is an Mo X M matrix, and C(0) is an M x Mq matrix. 
We define A and S as 



k=0 



k=l 



respectively. We assume that A is a stochastic matrix and B(0)e + Be = e, 
where e denotes a column vector of ones with an appropriate dimension. Let tt 
denote a 1 x M vector such that tzA = tt and 7re = 1. Note here that if A is 
irreducible, tt is uniquely determined. 

Throughout this paper, we make the following assumption. 



Assumption 1.1 

(a) T is irreducible. 

(b) A is irreducible. 

(c) p = 77/3^ < 1, where = Xlfcli kA{k)e. 

(d) f3^ = Xlfcli kB{k)e is a finite vector. 

Let X denote the stationary probability vector of T, i.e., xT = x and xe = 1. 
It is known that under Assumption ll.il {(X„, S'„); n = 0, 1, . . . } is irreducible 
and positive recurrent (see Proposition 3.1 in Chapter XI of BUl). Therefore if 
As sumption 11.11 holds . then x > 0, which is uniquely determined. Let x{k) 
(k = 0, 1, ... ) denote a sub vector of x corresponding to level k. We then have 
x = {x{0),x{l),x{2),. . .) and 

fc+i 

x{k) = x{0)B{k) + '^x{l)A{k + l -I), A; = 1,2,.... (2) 

1=1 



Light-Tailed Asymptotics of Markov Chains ofM/G/1 Type 



3 



Further let x{k) = Xl/^fc+i ^(0 = 0, 1, . . . which is a positive vector. We 
call ^(A;)'s stationary tail probability vectors of T hereafter. 

In this paper, we study the light-tailed asymptotics of {x{k); k = 0,1, . . .}. 
The following is the definition of a light-tailed sequence of nonnegative matrices 
(including vectors). 

Definition 1.1 Let "K(fc)'s (A; = 0, 1, ... ) denote nonnegative matrices with the 
same dimension, and let Y*{z) denote the generating function of {Y{k)} de- 
fined by the power series ^''Y^k), whose convergence radius is given by 
sup{y > 0',J2T=oy'^^i^) < °°}- sequence {Y{k)} is said to be light- 
tailed if the convergence radius of Y*{z) is greater than one. 

Remark 1.1 Let Y{k) = 'EZk+i ^(0 for A; = 0, 1, ... , and let Y*{z) denote 
the generating function of {Y{k)} defined by YlT=o z''Y{k). We then have 

1 — Z 

which implies that {Y{k)} is light-tailed if and only if {Y{k)} is light-tailed. 

Let x*{z) and x*(z) denote the generating functions of {x{k); A; = 0, 1, ... } 
and {x{k);k = l,2,...}, respectively. We then have 

^•(.) ^ -•Wlf'-l (3) 
It also follows from Q that 

x*iz)il - A*iz)/z) = {x{0)B\z) - x{l)Am, (4) 

where A*{z) and B*(z) denote the generating functions of {A{k)} and {B(k)} 
defined by YlT=o z'^A{k) and J^'kLi z^B{k), respectively. 

Let ta and tb denote the convergence radii of A*{z) and B*{z), respectively. 
We then make the second assumption. 

Assumption 1.2 (a) > 1, and (b) > 1. 

Proposition 11.11 below follows from Remark [TTl Theorem 3.1 in [fTSl and 
Theorem 2 in [|T6ll . 

Proposition 1.1 Under Assumption \l.l\ {x{k)} is light-tailed if and only if As- 
sumption \1.2\ holds. 

For further discussion, we introduce the following definition. 
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Definition 1.2 For any finite square matrix X with (possibly) complex number 
elements, let 5{X) denote a maximum-modulus eigenvalue of X, whose argu- 
ment arg 5{X) is nonnegative, and whose real part Re 6{X) is not less than those 
of the other eigenvalues of maximum modulus. Clearly, is the spectral 

radius of X. In addition, if X is nonnegative and irreducible, 6{X) > is the 
Perron-Frobenius eigenvalue of X. 

We now make the third assumption. As sumption i 1 . 3 I below. Unless otherwise 
stated. Assumptions 11.11 11.21 and 11.31 are valid throughout this paper. However 
we will not assume unnecessary conditions in each of the propositions, lemmas, 
theorems and corollaries presented in the rest of this paper. 

Assumption 1.3 There exists some finite 6 such that \ < 6 < ta and 6 = 



Remark 1.2 It is easy to see that = 1 and 6{A*{e')) (s < logr^) is 

the Perron-Frobenius eigenvalue of A*{e^). It is known [il2i that 5(A*(e*)) is a 
non-decreasing convex function of s (see also Proposition 7 in dH). Further it fol- 
lows from Lemma 2.3.3 in [20] that under Assumption ! 1 . 1 K b), lims-|^o(d/ds)(5(A*(e'*)) = 
p. Therefore Assumption ! 1 . 1 K b), (c) and Assumption ! 1 .2! (a) are a necessary con- 
dition for As sump tion[L3l though they are not sufficient. In fact, liiRy-^rA ^{■^*{y))/y ^ 
1 in some cases (such an example is given in AppendixlE]). A sufficient condition 
for Assumption ! 1.3! can be found in Theorem 4.12 in [6J, and see also Section 3 
in |l9l- Finally, it should be noted that Assumption ! 1.3! requires 



which will be used to show that the prefactors of the asymptotic formulae pre- 
sented in Section [3] are positive. 

As is well known, the constant 9 in Ass umption ! 1 . 3 ! play s a role in the light- 
tailed asymptotic analysis of {x(k)}. Several researchers have studied the light- 
tailed asymptotics of {x(k)} under the assumption of 6* < r^, where {x(k)} 
decays geometrically with rate 1/6. Using the Tauberian theorem. Abate et al. 
^ presented a necessary condition for 



S{A*{9)). 




1 > 0, 



(5) 



lim e''x{k) = d, 



(6) 



where d is some positive vector. Note here that ^ yields 



lim e''x{k) = {6- l)-^d. 



(7) 



M0ller !fT9l studied the asymptotic formula Q by considering the inter-visit 
times of level zero, though his approach does not yield an explicit expression 
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of d. Falkenberg [7J and Gail et al. fllOi obtained the asymptotic formula Q 
by locating the dominant poles (i.e., the maximum-order minimum-modulus 
poles; see Definition lA.ll ) of the generating function x*{z) of {x{k)}. How- 
ever, Falkenberg 's sufficient condition for ([6]) includes a redundant condition 
(see Remark [J!2l) . 

Takine [|26l presented geometric asymptotic formulae of the following form: 

\im e''^+^x{nh + I) = di, / = 0, 1, . . . , /i - 1, (8) 

where h is some positive integer and cZ^'s (Z = 0, 1, . . . , /i — 1) are some positive 
vectors. Clearly ([8]) includes ([7]) as a special case. For simplicity, the cases of 
h = 1 and h > 2 are called the exactly geometric case and the periodically 
geometric case, respectively. Using the Markov renewal approach, Takine (261 
derived the expression of d for the exactly geometric case (i.e., h = 1) and that 
of di (I = 0, 1, . . . , /i — 1) for the periodically geometric case (i.e., h > 2), 
separately. 

Li and Zhao fT6l studied the light-tailed asymptotics of the stationary dis- 
tribution of a Markov chain of GI/G/1 type. Corollary 1 therein would imply 
that the periodically geometric case is impossible, which is inconsistent with 
Lemma [3m in this paper. Therefore their results are valid only under the condi- 
tion that excludes the periodically geometric case. 

In all the studies mentioned above, it is assumed that the phase space is fi- 
nite. Meanwhile, Miyazawa ifTTl . Miyazawa and Zhao [fTSl and Li et al. [[T4l 
considered structured Markov chains with infinitely many phases, excluding the 
periodically geometric case. Miyazawa ffTTl and Miyazawa and Zhao [18J stud- 
ied Markov chains of M/G/1 type and GI/G/1 type, respectively, and they derived 
asymptotic formulae like Q. Li et al. [T4] derived an exactly geometric asymp- 
totic formula for the stationary distribution of a quasi-birth-and-death (QBD) 
process and applied the obtained results to a generalized join-the-shortest-queue 
model. The infiniteness of the phase space causes some difficulties in asymptotic 
analysis of the stationary tail probability vectors. That is a challenging problem, 
but it is beyond the scope of this paper. 

This paper studies the light-tailed asymptotics of {x{k)} of a Markov chain 
of M/G/1 type, not excluding the periodically geometric case. The complex 
analysis approach used in this paper is basically the same as Falkenberg [7J's 
approach, i.e., that is based on locating the dominant poles ofx*(z). Indeed, the 
approach is classical, but it enables us to deal with the case of 6* > as well 
as the exactly and periodically geometric cases under the condition 9 < in 
a unified manner. In addition, the complex analysis approach gives us a deeper 
insight into the period in the light-tailed asymptotics of {x{k)}, compared with 
the Markov renewal approach IfTTl |26ll . In this paper, we first present a simple and 
unified formula for both the exactly geometric and periodically geometric cases. 
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assuming 6 < tb- We also show that /i in ([8]) is closely related to the period of 
a Markov additive process (MAdP) with kernel {A{k + 1); A; = 0, ±1, ±2, . . . }, 
where A{k) = O for A; < — 1. As for the case of 6* > r^, we derive light- 
tailed asymptotic formulae for {x(k)} under some mild conditions. We can 
find no previous studies paying special attention to the case of > r^. As 
far as we know, only a few examples of this case have been shown in Li and 
Zhao (16]. Therefore this paper is the first comprehensive report of the light- 
tailed asymptotics in the case of 9 > tb- 

The rest of this paper is organized as follows. In section[2l we provide some 
preliminaries on {x(k)} and the period of a MAdP related to the Markov chain 
of M/G/1 type. In section [3l we present light-tailed asymptotic formulae for 
three cases: 9 < tb, 9 > and 9 = in subsections 13. 1[ [X2l and [331 
respectively. Further in the appendix, we describe fundamental results of the 
period of MAdPs, which play an important role in the asymptotic analysis of the 
stationary distributions of structured Markov chains such as ones of M/G/1 type 
and GI/G/1 type. 

2 Preliminaries 

Throughout this paper, we use the following conventions. Let Z = {0, ±1, ±2, . . . } 
and N = {1,2,...}. Let C denote the set of complex numbers. Let cu denote 
a complex number such that = L Let l. denote the imaginary unite, i.e., 
L = v^^. For any matrix X (resp. vector y), its (i,j)th (resp. jth) element 
is denoted by [X]ij (resp. [y]j). When a (possibly complex-valued) function 
/ and a nonnegative function g on [0, oo) satisfy \f{x)\ < Cg{x) for any suf- 
ficiently large x, we write f{x) = 0{g{x)). We also write f{x) = o{g{x)) if 
lim^^oo \f{x)\/g{x) = 0. 

2.1 Some known results on the stationary tail probability vec- 



Let G denote an M x M matrix whose j)th G M) element represents 
Pr[>S'a{fc) = j \ Xq = k + 1, So = i] for any given k (k E N), where a{k) = 
inf {n G N; X„ = k}. It is clear from the definition of G that 



It is known [|20l that G is the minimal nonnegative solution of X = Xlfelo -A{k)X''. 
If Assumption ll. 11 (b) and (c) hold, G is stochastic (see Theorem 2.3.1 in [20J). 



tors 



oo 




(9) 



k=0 
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The following result is an extension of Theorem 7.2.1 in [11311 to the Markov 
chain of M/G/1 type. 

Proposition 2.1 If Assumption \l.l\ (a) and (b) hold, then G is irreducible, or 
after some permutations it takes a form such that 



G 



Gi O 
G, i G, 



where Gi is irreducible and G, is strictly lower triangular 

Proof See Appendix lC.il □ 

Remark 2.1 The proof of Proposition 12.11 does not require that G is stochastic. 
Thus As sumption 1 1.1 1 (c) is not needed. 

Let K denote an Mq x Mq matrix whose («, j)th (i, j G Mq) element repre- 
sents Pr [5*0(0) = j I -'^o = 0, 5*0 = i]. Matrix K is given by 

oo / oo \ 

K = B{0) + J2 B{k)G^-^ i^^Yl Mm)G'^'^ C{0), 

k=l \ m=l / 

and cc(0) is given by 

r r / °° \ ^1"^ 

x(0) 



1-p 



+ [ B -Y,B{k)G'] [I - A + e7T]-'f3, 



k=l 



where k, denotes the stationary probability vector of K (see Theorem 3.1 in 11221 ). 
Further x{k) (k = 1, 2, . . . ) is determined by Ramaswami's [|2T| recursion: 

x{k) = (^xiO)Uoik) + J2 x{3)U{k - j) j {I - U{Q)r\ (10) 

where U{k) (A; = 0, 1, ... ) and Uo{k) (k = 1,2,...) are given by 

oo oo 

U{k)= J2 Mm)G"~''~\ Uo{k) = ^B{m)G'^-\ (11) 

m=k+l m=k 

respectively. Note here that for any fixed A; G N, 

[C/(0)],,, = Pr[5,(fc) = J, X„ > A; (n = 1, 2, . . . , a{k)) \X^ = k,S^ = il 

i,j G M, 

and thus / — U{0) is nonsingular due to Assumption ! 1 . 1 1 (a) . 
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We now define R{k) and Ro{k) (k e N) as 
R{k) = U{k){I - U{0))-\ Ro{k) = Uo{k){I - U{0))-\ (12) 
respectively. For convenience, let -R(O) = O. We then rewrite (flOl) as 

k 

x{k) = xiO)Ro{k) + J2 x{j)R{k - j). (13) 

Let R*{z) and Rl{z) denote the generating functions of {R{k)} and {i?o(fc)} 
defined by YlT=o z^R{k) and Yll^=i z''Ro{k), respectively. It then follows from 
([I3])that 

x*{z)=x{0)R*iz)[I-R*{z)]~\ 
from which and ([3]) we have 



_ ^ x*il)-x iO)R;iz)[I - R*iz)] 



-1 



1 - z 

Using (fTTI) and (fT2l) . we can readily have the following result. 

Proposition 2.2 If Assumption U.lU a) and (b) hold, then 

I - T\{z) = {I- R*{z)){I - U{0)){I - G/z), 0<\z\< VA, 

(14) 

B*{z) - Uo{l)G = Rliz){I - U{0)){I - G/z), < \z\ < tb, 

(15) 

where 

T*^{z) = z~'A*{z). (16) 

Remark 2.2 Equation (fT4l) shows the i^G-factorization of the Markov chain of 
M/G/1 type (see, Theorem 14 in [|28J). 

Proposition 2.3 Suppose Assumption \l.l\ (a}. (b) and Assumption [772] ( a } hold. 
Then 

det{I-T\{z)) = Oifandonlyifdet{I-R*{z)) = 0, 1 < kl < r^- (17) 

Proof. Since / — t/(0) and / — G/z axe nonsingular for \z\ > 1, (fT4)) leads to 
(El). □ 

It follows from (dH) that T\{9) = A* {9) /9 and thus Assumption O yields 

5{m9)) = SiA*i9))/9 = 1. (18) 
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The matrix r^(^^) is irreducible, because > if and only if [A*(l)]j j = 

[A]ij > 0. Therefore 5{T\{9)) = 1 is the Perron-Frobenius eigenvalue of 
T\{9). Let fj,{9) and v{6) denote the Perron-Frobenius left- and right-eigenvectors 
of r^(6'), which are normalized such that 

n{e)e = i, n{e)v{e) = i. 

Clearly ^i{9) > and v{9) > 0. Further ^ yields fi{9)R*{9) = n{9). It thus 
follows from Corollary 8.1.30 in El that 

6{R*{9)) = 1. (19) 

Using this, we can prove the following result. 

Proposition 2.4 If Assumption \l.l] (a}-(c}. Assumption \1.2\ (a} and Assumption 
\1.3\ hold. then R = R*{1) is irreducible, or after some permutations it takes a 
form such that 

where Ri is irreducible and R, is strictly upper triangular 

Proof. This proposition can be proved in a similar way to the proof of Theo- 
rem 7.2.2 in lfT3l . but some modifications are needed. A complete proof is given 
in Appendix IC. 2 [ □ 

Remark 2.3 Because of some dual properties between G and R, it might seem 
that the statement of Proposition l2.4l would be true under the conditions of Propo- 
sition [2?T1 i.e.. As sumption 1 1.1 1 (a) and (b). In fact, if T is the transition proba- 
bility matrix of a QBD, the statement of Proposition 12.41 is true under Assump- 
tion ll. 11 (a) and (b) (see Theorems 7.2.1 and 7.2.2 in [13]). However, this is not 
the case in general. Assume that A(k) = O for all A; = 2,3,... and the other 
block matrices of T in ([T]) are all positive. Then As sumption 1 1.1 1 (a) and (b) are 
satisfied, whereas R = O. 

Since [R]ij > implies [R*{9)]ij > (vice versa), it follows from (fT9l) 
and Proposition 12.41 that 5{R*{9)) = 1 is a simple eigenvalue. Let s(9) = (/ — 
U{0)){I - G/9)v{9). From we then have R*{9)s{9) = s{9). Note here 
that 

(/ - G/9)-\l - U{f))Y^s{9) = v{9) > 0, 
(/ - G/9)-\l - U{0))-^ >0^0. 

Thuss(6') > 0, 7^ (see, e.g.. Theorem 8.3.1 in flTTl). The following proposition 
summarizes the results on the spectral radius of R*{9) and its corresponding 
eigenvectors. 
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Proposition 2.5 (Lemma 5 in lfl6]| ) Suppose Assumption li.il (a)-(c), Assump- 
tion \1.2\ (a) and Assumption \1.3\ hold. Then ^{9) > and s{9) > 0,^ 0, 
which are left- and right-eigenvectors, respectively, ofR*{6) corresponding sim- 
ple eigenvalue 5{R*{6)) = 1. 

We define r^(A;) (k G Z) as 

/ 0Miag(MW)-ii2(A;)Miag(Ax(^)), A; = 1,2,..., 
^^(')-l0, ^ = 0,-1,-2,..., ^^'^ 

where super-subscript t denotes transpose and diag(^i(6')) denotes an M x M di- 
agonal matrix whose jth diagonal element is equal to [fj,(9)]j. Let r^(z) denote 
the generating function of {Tji(k)} defined by Xlfcez -^'^^'^(A;). We then have 

r*^{z) = dmg{fi{9)r'R*{9zYdiag{fi{e)). (21) 

It is easy to see that r^(l) is stochastic. Further it follows from Propositions 12.41 
and 12.51 that either r^(l) is irreducible or after some permutations, r^(z) takes 
a form such that 

M«/rv(^) o 

M(^)Uk2,i(^) n,2iz) 

where ^^(l) is irreducible and stochastic and gl-^) is strictly lower triangu- 
lar, i.e., 6{T*j^ 2i^)) = 0. Thus according to Theorem lB.il we define h as 

h = max{n G N; 5(F^(a;„)) = 1}, (22) 

where cux = exp(27r6/x) for x > 1. Note that h is the period of the recurrent 
class M(^) in an MAdP {TR^k); k G Z}. Let hij G M) denote the first jump 
point of the distribution of the first passage time from state i to state j in the 
MAdP {Tji{k); k G Z}. Then Takine [|26ll 's asymptotic formulae are as follows. 

Proposition 2.6 (Theorem 2 in Il26ll ) Suppose As sumptions ] l.l\\L3\ hold and 6 < 
tb- Let 7z^ = YlT=i ^(^)' which is given by (see Lemma 3 in [26]) 

TT, = [xmB + /3b9} - x{l)A{0)]{I - A + (e - /3M'\ 

where g denotes the stationary probability vector of G. If h > 2, then for 
I = 0,l,...,h-l. 



lim + /)], = je 

n—^oo 
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where 



oo 



oo 

[^(0)i?oM + TT,R{m)U{I - U{0)){I - G/9)v{9)Ufi{9)],. 

m=l+kh—hj^y+l 

Proposition 2.7 (Theorem 3 in ||26]1 ) Suppose Assumptions \l.lW13\ hold and 6 < 
tb- Ifh = 1, then 

lim x{k) - — — - ■ (23) 

fc^oo {6 - l){{d/dy)6{A {y))\y=e - 1} 

2.2 Period of a related Markov additive process 

We consider a MAdP S.^); n = 0, 1, ... } with state space Z x M and 

kernel {TA{k); k E Z}, where 

It follows from ([HI) and ([241) that Y^kez '^'^^(A;) = T*^{z). It is easy to see that 
for z, j e M, 

Pr[J('„^_i = -\- k, Sn+i = j I Xn = k^,, Sn = i] 

= Pr[X„+i = k^ + k, Sn+i = j \ Xn = Sn = i], K. + ke M, K e M. 

(25) 

For any two states (A^i, ji) and {k2,j2) in Z x M, we write {ki,ji) — )■ (A;2, J2) 
when there exists a path from (fci, ji) to (A;2, j^) with some positive probability. 

Proposition 2.8 Suppose Assumption U.lV a) and(b) hold. Then for each j G M, 
there exists a nonzero integer kj such that (0, j) — )■ {kj,j). 

Proof See Appendix D □ 

Assumption 11.11 (b) and (fT6l ) show that r^(l) = A is irreducible, from 
which and Proposition l2.8l it follows that the period of the MAdP {{Xn, Sn)', n = 
0, 1, . . . } is well-defined and is denoted by r (see Definition lB.il) . Note here that 
from (|25] ) and the definition of G, 

where a{k) = mf{n E N; X„ = k}. Note also that G has no zero rows due 
to As sumption 1 1.11 (a). Proposition 12.11 then implies that there exists a path such 
that 

{k,jo) ^{k- 1, ji) ^ (fc - 2, J2) ^ >{k- MJm), 
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where A; G Z and j„ G M for n = 0, 1, ... , M. In the above path, a phase 
appears at least two times, and thus r < M. 

Proposition 2.9 (Propositions 13 and 14 in llHll) Under Assumption\Tj\(a) and 
(b), 

r = max{n G M; 6{r*^{un)) = 1}. 

Lemma lR2l shows that there exists a functioiiillp from M to {0, 1, . . . , r — 1} 
such that 

[TAik)]ij > only if k = p{j) - p{i) (mod r). 
Let Am(-2) denote an M x M diagonal matrix such that 



-P(2) 



V 



-p(M) 



Let fj,{z) and v{z) (z G C) denote left- and right-eigenvectors of r^(2;) corre- 
sponding to eigenvalue 5{T*^(z)), normalized such that 



n{z)AMiz/\z\)e = 1, 



fi{z)v{z) = 1. 



Note that if z is real, A]\f(z/\z\) = I and therefore the definition of fj,(z) and 
v{z) is consistent with that of fj,(9) and v(9). 

The following proposition is an immediate consequence of Lemma lB3l 

Proposition 2.10 If Assumption \l.l\ (a} and (b) hold, then for < y < rA, 





z/ = 0, l,...,r- 


1, 


(26) 


= fi{y)AMK)-\ 


^/=0, l,...,r- 


1, 


(27) 


v{yco^^) = AMH)v{y), 


z/=0, l,...,r- 


1. 


(28) 


It follows from ([T6l) that 








5{T\{y))=y-H{A'{y)\ 


< y < r^. 




(29) 



Thus according to the property of 5{A*{y)) (see Remark [L2l) . we obtain 

5{T\{y)) < 1, l<y<e. 
Further from (|29l) , we have 



(30) 



dy 



y=e ^ \ 



1 >0, (31) 



•'■'corrected: "an injective function" — > "a function" 
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where the second equality follows from (fTSi) and the last inequality follows from 
®. 

The following proposition can be easily obtained by (fTSi) . Proposition 12.91 
and Theorem lB.il 

Proposition 2.11 Suppose Assumption \l.l\ (a)-(c). Assumption \1.2\ (a) and As- 
sumption \1.3\ hold. Then 5{T\{9uj)) = 1 if and only ifu'^ = 1. Thus 

T = max{n E M; 6{T*^{9cOn)) = 1}. 

Further if6(T*^{6uj)) = 1, the eigenvalue is simple. 

Proposition 2.12 If Assumption \l.l\ (a}-(c}. Assumption \1.2\ (a) and Assump- 
tion \1.3\ hold. then r is equal to period h of the MAdP with kernel {Fr k G 
Z}. 

Proof. It follows from (|22)) and Proposition 12.1 II that h = t \i the following is 
true. 

5{T*j^{uj)) = 1 if andonly if 5(r;:i(^a;)) = 1. (32) 
In fact, (|2T|) shows that 

5{T*j^{io)) = lifandonlyif5(i?*(^a;)) = 1. (33) 

Since 6{T\{e)) = 6{R*{e)) = 1, \S{T*^{euj))\ < 1 and \6{R*{euj))\ < 1 (see 
Theorem 8.1.18 in ifTTl ). Therefore Proposition [2]3] implies that 

6{R*{euj)) = lifandonlyif5(r^(^w)) = 1. 

This and ([33]) yield □ 



3 Main Results 

Proposition 11.11 and Definition 11.11 show that [^*(2;)]j (j G M) is holomorphic in 
the domain {z e C; |z| < 1} and thus has no pole in the same domain. It follows 
from ©, © and (HH) that for z such that [/ - T\{z)]'^ exists, 



By definition. 



det(/ - T^{z)) 

where adj(/ — T*^{z)) denotes the adjugate of J — T\{z). Therefore the roots of 
det(/ — r\(z)) = with 1^1 > 1, if any, are candidates for the dominant poles 

oi[x*{z)]j(j EM). 
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Let rm(2;)'s (m = 1,2,..., M) denote the eigenvalues of T\{z) such that 

n{z) = 5{T\{z)), \n{z)\ > \r2{z)\ >■■■> \rM{z)\, (36) 

M 

det{I-r\{z))= J](l-r„(^)). (37) 

m=l 

For convenience in what follows, let denote a sufficiently small positive num- 
ber, which may take different values in different places. 

Lemma 3.1 Suppose Assumption \l.l\ (a}-(c}. Assumption 17.21 (a) and Assump- 
tion \1.3\ hold. Then the equation det(J — T\{z)) = has exactly r roots Ou'^ 
(u = 0,1, ... ,T — 1) in the domain {2; G C; 1 < \z\ < 6 + Eq}. In addition, each 
of the roots is simple. 

Proof. It follows from (HB and dlB that {d/dz)6{T*^{z))\,=euj- > for z/ = 
0,l,...,r — 1. Thus, according to the former part of Proposition |2.11l {Olu!^; v = 
0, 1, . . . , r — 1} are simple roots of the equation 5{T*j^^{z)) — 1 = 0. Further the 
latter part of the proposition implies that nm=2(l ~ rmiduJr)) 7^ for z/ = 
0, 1, . . . , r — 1. Therefore {9uj'^; v = 0, 1, . . . , r — 1} are simple roots of the 
equation det(/ — T*^{z)) = 0. Note here that det(J — T\(z)) is holomorphic 
and not identically zero in the domain {z e C;0 < \z\ < r^}. As a result, 
it suffices to show that det(J — T\(z)) = has no other roots in the domain 
{zeC;l< \z\ < 6}. 

By definition, if S{T*^{9uj)) 1, then r^{9uj) ^ 1 for all m = 2, 3, ... , M. 
Thus det(J - r*^{0uj)) = only if = (z/ = 0, 1, . . . , r - 1). In addition, it 
follows from ^ and Theorem 8.1.18 in [1 1] that for m = 2, 3, . . . , M, 

\rU^)\ < < s{r*^{\z\)) < 1, i< |z| < e. 

This and ([37]) show that det{I-T\{z)) 7^ in the domain {zeC;l< \z\ < 9}. 

□ 

Remark 3.1 In the proof of Corollary 1 in [fT6ll . it is stated that det{I —T*^{z)) = 
has one and only one root on the circle {z E C; \z\ = 9}, which is, in general, 
incorrect. 

Lemma 3.2 Suppose Assumptions U. l\ (a}-(c}. Assumption \1.2\ (a} and Assump- 
tion \1.3\ hold. Then for z/ = 0, 1, . . . , r — 1, 

M 

e.di{I - T*^{9u!;)) = l[{l-rU9u;!;)M9u;:;)fi{9u!;) + O, 

m=2 

z/ = 0,l,...,r-l. (38) 
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Proof. See Appendix |C4l □ 

In the rest of this section, we first derive a light-tailed asymptotic formula for 
the case of 6* < in subsection 13.11 We then discuss the cases of 6* > and 
^ = in subsections 13 .21 and 13 .31 respectively. 



3.1 Case of 9 < tb 



Lemmas |3 . 1 1 and |3^ imply that if 6* < min(r^,rB), (j G M) is holo- 

morphic for |2;| < 9 and meromorphic for \z\ < 9, and thus the candidates for 
the dominant poles of are the simple roots {9u'^; = 0, 1, . . . , r — 1} of 

det(/ - Ta{z)) = 0. Note here that z = 9u':^ (z/ = 0, 1, . . . , r - 1) is a simple 
pole of [x*{z)]j (j e M) if and only if 



< Um 



9ujt 



< oo. 



Thus it follows from Theorem lATTI and Remark |A3] that if each [x*{z)]j (j G M) 
has at least one pole of {9uj'^; = 0, 1, . . . , r — 1}, then 

^(*) = i: (l - ^•(-) + + .„)-)e'. (39) 

where the dominant term on the right hand side of (|39l) is positive for any k = 
0,1,... (see Theorem|Al](d)), i.e., for any j G M and A; = 0, 1, . . . , 



r-l 



We now note that (|341 ) yields 



, , lim I 1 



x^z 



> 0. 



We then obtain the following result. 



(40) 



Lemma 3.3 Suppose Assumptions U. l\ (a)-(c). Assumption \1.2\ (a) and Assump- 
tion \1.3\ hold. Then for z/ = 0, 1, . . . , r — 1, 



lim 1 - - — 

z^Blo'C \ 9ut 



AA,(a;^)i;(g)M(g)AM« 

{d/dy)5{A*{y))\y=e-l 



v\-l 



(42) 
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Proof. It follows from ([351), dSTJ) and that 

z 



m=2 

where we use THopital's rule in the second equality. Note that (|26|) . (|3T1) and 
dlT]) yield 



-1, i/ = 0,l,...,r-l. 



Thus (|43l) leads to 



lim ( 1 - [J - r^(.)]-^ = , ^^ ^ ^ . = 0,l,...,r-l. 

Finally, substituting (ITTI) and (|28l ) into the above equation, we obtain (l42l) . □ 
Applying Lemma [33] to (t4TI) . we have 



z/ = 0,l,...,r-l, 



(44) 

where c(w^) (z/ = 0, 1, . . . , r — 1) is a scalar such that 

.^.x ^ [x(0)B*(^<) - a;(l)A(0)] Am«)^W 

^ (^^<-l){(d/dy)5(A*(y))|,=,-l} • ^ 

It follows from (|44l) that 0(0;^) 7^ if and only if z = 9uj^ is a simple pole of 

\x*{z)]j for any j e M. 

Lemma 3.4 Suppose Assumptions \1.1W1.3\ hold and 9 < tb- Then c(u;°) = 
c(l) > Q and therefore z = 6 is a simple pole of ^*{z)\j for any i G M. 

Proof. From (|45] ). we have 

Thus according to © and — 1 > 0, it suffices to show that 

[x({))B*{e) - x{l)A{f))]v{e) > 0. (46) 

From (dl) and G = (/- t/(0))-iA(0), we have a;(l) A(0) = x(0)t/o(l)G and 
therefore 

[x{0)B*{9) - x{l)A{0)]v{9) = x{0) {B*{9) - C/o(l)G) v{9). (47) 
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Letting z = 9 in (fT5l) and substituting it into the right hand side of (l47l) . we have 

[x{o)B*{e) - x{i)A{o)]v{0) = x{o)R*Q{e)s{e), 

where s{9) = (/ - U{0)){I - G/9)v{9) > 0, ^ (see Proposition D. Note 
here that [R*o{9)]ij > if and only if [i^o(l)] > 0. Note also that [R*o{l)]ij 
represents the expected number of visits to phase j during the first passage time 
from state (0,i) to level zero. Thus Rl{9) > O has no zero column due to 
AssumptionO(a). Consequently, x{0)Rl{9)s{9) > because x{0) > 0. □ 

Remark 3.2 In Theorem 3.5 in |I71, (|46|) is assumed in order to prove c(l) > 0. 
Lemma [341 ensures that (|391 ) holds. Thus substituting (l44l) into (|391 ) yields 

xik) = 9-' T^AO ■ m^M{0-' + 0{{9 + eo)-')e\ (48) 



According to (|40l) . the dominant term of (1481) is positive for any k = 0, 1, ... . 
Letting /c = nr + / (Z = 0, 1, . . . , r — 1, n = 0, 1, . . . ) in (|48l) . we readily obtain 
the following theorem. 

Theorem 3.1 Suppose Assumptions U . .3\ hold and 9 < tb- Then 

x{nT + l)= 9-'"-'ci + 0{{9 + £o)"^""+'V\ / = 0, 1, . . . , r - 1, 
where 

^ ^ 1 [a^(0)B*(g<) - x{l)Am AmKMO) .... , u.-i^r, 



9<-l){(d/dy)<5(A*(y))|,=,-l} 



(49) 



Remark 3.3 Theorem 13.11 and Propositions 12.61 and 12.121 imply that ci (l = 
0, 1, . . . , r — 1) in (|49|) must be equal to di in Proposition 12. 6[ However in the 
case of r = /i > 2, it seems difficult to demonstrate q = di (l = 0, 1, . . . , r — 1), 
because these two expressions are completely different. On the other hand, in 
the case of r = /i = 1, we can readily confirm cq is equal to the constant vector 
on the right hand side of (l23l) (see Proposition [2J]). 

Corollary 3.1 Suppose Assumptions U .l\\T3\ hold and 9 < r^. IfC{0) = A{0), 
then ci (I = 0,1, ... ,T — 1) is given by 



^ 1 x{O)[B*{9uj';) + B{O)-I]AmKM0) .n.. 
^(a;^^)' (^a;^^-l){(d/dy)5(A*(y))|,=,-l} ^ - 



(50) 
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In addition, if B{k) = A{k)for all k = 0,1, ... , then 001) is reduced to 



T-l 

Q = 



l^TlA UA lA \X( \*( \\\ 7-l^\P)^M\^r) 5 / - U, 1, . . . ,r-l. 

(51) 



Proof. When C(0) = A(0), x(l)A(0) = x(0) - x(fS)B(fS). Substituting this 
into (|49l) yields dSO]). We now suppose that C(0) = A(0) and B(A;) = A(k) for 
all = 0, 1, We then have 

\B\eujX) + s(o) - /] AmK)i^(^) = \A\eujX) - 1\ AmK)i^(^) 

= [(ea;::)r^(ea;::)-J] AMM^(e) 
= (e<-l)AMK)^(^^), (52) 

where the second equality follows from (fT6l) and the third one follows from 
viQul) = Am«)i^(^) and 5(rA(^0) = 1 (see (128]) and Proposition IITTI) . 
Substituting (l52l) and a;(0) = (1 — p)g (see, e.g., Takine ll25ll ) into (l50l) . we have 
dSH). □ 



We close this subsection by discussing the period of the geometric asymp- 
totics of {x(k)}. It should be noted that Theorem 13. II does not necessarily show 
that the period in the geometric asymptotics of {x(k)} is equal to r. This 
is because c(a;^) (z/ = 1, 2, . . . , r — 1) may be equal to zero i.e., z = Oco'^ 
(u = 1, 2, . . . , r - 1) may not be a pole of [x*{z)]fs (j G M). Let Va denote the 
set of poles of [^*(2;)]j's on {z E C; \z\ = 9}. Since c(l) > (see Lemma l34l) . 
Va includes 6 and thus 

VA = {0uj:;uem}, 

where U = {0} U {u e {1,2, . . . ,t - 1}; c«) ^ 0}. Let r' = r/ gcd{i/ G 
{r} U H\{0}}. Let H denote the number of elements in H. It is easy to see 
that there exists H nonnegative integers, z/^'s (m = 0,1, . . . , H — 1), such that 
= uq < ui < ■ ■ ■ < vh-i < t' — 1 and 

VA = {Oujr'^]m = 0,l,...,H -1}. (53) 

Note that since x{k) > (k = 0, 1, . . . ), each [x*{z)]j (j G M) has pairs of 
complex conjugate poles and therefore 

= 1, m = l,2,...,[{H- 1)/2J . (54) 

It follows from (gS]) and c(cu^) = for ^ M that 



x{k) = e-' J2 7-7^A<^) ■ m^MH^r)-' + 0{{e + e,)-')e\ 



m=0 
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Letting k = nr' + I (l = 0, 1, . . . , r' — 1, n = 0, 1, . . . ) in the above equation 
yields 

x{nT' + l) = ^-""'"'c; + 0{{9 + £o)"^""'+'V\ / = 0, 1, . . . , r' - 1, 
where 

, 1 [a;(o)B*(g<r) - x{i)A{o)] AMK^Me) 

K^)' - i){(d/dy)5(A*(y))i,=, - 1} 

■ M^AMKr)-^ >o. 

As a result, the period in the geometric asymptotics of {^(/c)} is equal to t' . 
3.2 Case of6>rB 

For simplicity, we denote, by C{C, r), the circle {z e C;\z — C\ = r} in the com- 
plex plane, where C ^ C and r > 0. In this subsection, we make the following 
assumption. 

Assumption 3.1 (a)B*{z) is meromorphic in an open set containing the domain 
{z G C; \z\ < r^jlH and (b) there exists some positive integer niB and some 
finite nonnegative matrix B{rB) such that 

Z ^ 



lim 1 B*{z) = B{rB) ^ O. 

Z^TB \ Tb J 

Remark 3.4 From the definition, B*{z) is holomorphic in the domain {z E 
C; \z\ < Tb}- Thus Assumption 13. II is an additional condition for the behavior 
of B*{z) on the convergence radius. In fact. Assumption 13. 1 1 shows that B*(z) 
is holomorphic on C(0, r^) except for its poles. 

It follows from Lemma lATTI that under Assumption |3.1[ any pole of [B* {z)]ij 's 
on C(0, Tb) is of order less than or equal to m^. Thus we assume the following. 



Assumption 3.2 There exist exactly (A^ G N) complex numbers Cn's {n = 
0, 1, . . . , A^-1) onC(0, 1) such that = arg(Co) < arg(Ci) < ■ ■ • < arg(CAr_i) < 
271 and 

/ z \'^^ 

lim 1 B*iz) = BirBCn), n = 0, 1, . . . , AT - 1, 

z^vbC^ V rBCnJ 

where B{rBCn) is some finite non-zero matrix. 

■f^In the published version, it is assumed that is meromorphic in the domain {z e C; \z\ < 

rs}". However, by the definition of meromorphicness, the revised description is more appropri- 
ate. The same is true of Assumption lA.il 
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Remark 3.5 Since B{k) > O for all A; = 1, 2, ... , 

[S*(conj(z))]„- = conj , j G M, 

where conj (2;) {z E C) denotes the complex conjugate of z. Thus if z = tbC 
a pole of [B*{z)]ij, so is z = rBConj(C). This fact implies that 

C„C^-„ = 1, n = 1, 2, . . . , [(iV - 1)/2J , (55) 

and therefore for any i,j E M, 

B{rBCN~n)] = conj ([B{rBCn)k,) , n = 1, 2, . . . , [(iV - l)/2j . 

Lemma [BTI implies that if > r^, then I — r^(2) is nonsingular in the 
domain {2; E C; \z\ < tb} and therefore x*{z) in (|34l ) is holomorphic in 
the same domain. It thus follows from Assumptions 13.11 and 13.21 that for n = 
0,l,...,iV-l, 

r A ^ ^ ^(O)-^(rijCn) j.* f a nm-i /CA^ 
hm 1 X {z) = — / - r^Cn • (56) 

Note here that for each n = 0,1, . . . , N — 1, z = VBCn is an m^th order pole of 
\x*{z)]j (j E M) if and only if 

x{0)B{rB(n) [/-n(rBCn)]"'1.^0. 



J 

Note also that 

x{0)B{rB)[I-mrBT' >0, 

which follows from £c(0) > 0, B{rB) > O,^ O and [I - V\{rB)Y'^ > O. 
Therefore we obtain the following lemma. 

Lemma 3.5 IfAssumptions \Ll\M.3\ and \3.1\ hold and 9 > tb, then z = tb is an 
m Bth order pole of [^* {z)\j for any j E M. 

Remark 3.6 Suppose all the conditions of Lemma [331 hold except Assumption 
11.31 Then in this case, we can readily show that if > (instead of 6^ > r^), 
x{f))B{rB) [I — T\{rB)Y^ > and thus z = is an m^th order pole of 
[x*{z)]j for any J E M. 

From (l56l) and Theorem I A. 1[ we readily obtain the following result. 

Theorem 3.2 Suppose As sumptions \1 . 1[U73\ \3.1\ and \3.2\ hold and 9 > tb- We 
then have 



k""^-^ 1 \ 0{(rB + eo)-'')e\ = 1, 

{ruB - 1)1 r'^B ^ 1 0{k'^^-\B^)e\ tub > 2, 
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where 



N-l 



1 x{Q)B{rBCn) 
Cn reCn - 1 



m = E 



-1 



n=0 



Further lim supjr,_^3o ^(^) > and $,{k) > Ofor all k = 0,1, ... . 

Remark 3.7 According to Theorem lA.ll (d). if (arg^„)/7r is rational for any 
n = 0, 1, . . . , - 1, then $,{k) > for any A; = 0, 1, ... . 

Corollary 3.2 Suppose Assumptions \l.l\\T3\ and \3J\ hold and 9 > tb- If N = 



The dominant term on the right hand side of ^58\i is a positive vector for any 
k = 0,l,.... 

We now mention the case where Assumption 11.31 does not hold, i.e., there 
does not exist 9 such that 1 < 9 < ta and 9 = 6{A*(9)). In this case, det(/ — 
T*a{z)) = has no root in the domain {z E C;l < \z\ < r^}, and thus if 
Assumption 13.11 holds and > r^, then z = is a dominant pole with order 

of \x* {z)]j for any j G M (see Remark [3^ . Therefore we have the following 
result. 

Theorem 3.3 Suppose there does not exist 9 such that 1 < 9 < va and 9 = 
6{A*{9)). Further suppose As sumptions \1.2\ \3.1\ and \T2\ are satisfied and 
fA > Tb- Then 071) holds, and d5g|) does if N = 1. 

3.3 Case of 6 = tb 

This subsection considers the case of 6* = under Assumptions 1 1.H4T31 13.11 
and l3.2[ Lemmas [3.41 and [331 show that z = 9 (resp. r^) is a simple pole (resp. an 
m^th order pole) of each [^*(2;)]j (j G M). Thus if 6* = r^, z = 9 {= tb) is the 
{niB + l)st order pole of each [^*(2;)]j and its dominant poles are included in 
V = Va^ Vb, where Va is given in ^ and Vb = {^C; n = 0, 1, . . . , - 1}. 
Let L denote the number of elements in V. Let r]m(rn = 0,1, L — If s denote 
L nonnegative integers such that = r]o < r]i < ■ ■ ■ < rfi^i < r' — 1 and 



Let T denote 

f = t'I gcd{r/i, r]2,..., Vl-i, r'}. 
For simplicity, let Um = (w?)'''" (m = 0, 1, . . . , L — 1), where rjm = {T/T')r]m. It 
then follows that V = {9uJm', m = 0, 1, . . . , L — 1}. Note here that cOmCOL^rn = 1 
for m = 1, 2, . . . , [(L - 1)/2J due to §^ and 



1, then 




TUB = 1, 
rriB > 2. 



(58) 



V = {9uy; 



m = 0,l,...,L-l}. 
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Theorem 3.4 If Assumptions UTlUl .3\ \3J\ and \3.2\ hold and 9 = tb, then 

x{nr + l) = ^ Z>_ + 0((nf + /)'"^-ir("^+'))e\ (59) 



where 

- _ ^ 1 a!(o)a((;a„)Aj,(s„);.((;) i 
" " (sjr(»2„.-i){(d/d,M(A-M)|..«-i} ■ "C)^"*'^'"' > 

Remark 3.8 Theorem 13.41 shows that the period in the geometric asymptotics 
of {x{k)} is divisor of r. It seems difficult to say more about the period in the 
general setting. 

Proof of Theorem \3~4\ Recall that z = is an (mB + l)st order pole of for 
any j G M and that z = 9cum (m = l,2,...,L — 1) can be minimum-modulus 
poles of order + 1. It then follows from Theorem I A . 1 1 that 



m=0 ' 

(60) 

where the dominant term is positive for any k = 0,1, . . . . Applying Assumption 
Oand Lemma [33] to dM]) yield 



lim I 1 - I x*{z) 

z x{0)B*{z)~x{l)A{0) 



lim 1 — 



Z^duirn \ 9UfYiJ Z — 1 



• lim ( 1 



9uj 

^ x{0)B{9uj„,) AMiuJm)vi9) ■ tii9)AM{iOm)-^ 
9Q^-1 {d/dy)6{A*{y))\y=e-l 

from which and (l60l) we obtain 



9^ {uj^Y - 1 {dldy)6{A\y))\y=e - 1 

+ 0{k'^^-^9-^)e\ 



As a result, we obtain (|59]) by letting k = nr+l (n = 0,1, ... ,1 = 0,1, ... , f— 1) 
in the above equation and using (cDm)"'^"^' = {ujmY- n 
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3.4 Remarks 

One of the referees informed the authors that a parallel research by Dr. Tai [[24| 
was open to the public after the submission of this paper. The research is on 
the light-tailed asymptotics of the stationary probability vectors {x(k)} of the 
Markov chain of GI/G/1 type. Tai derives the decay rate of {x(k)} in a weak 
sense, i.e., — loglimfc_^oo ^^id also presents several conditions under 

which {x{k)} is asymptotically geometric, or light-tailed but not exactly geo- 
metric, assuming the aperiodicity of the MAdP driven by the transition block 
matrices in the non-boundary levels. As with this paper, Tai's research includes 
the case where the jumps from the boundary level have the dominant impact on 
the decay of the stationary tail probability vectors. 



A Tail Asymptotics of Nonnegative Sequences 

Let {xk, k = 0, 1, ... } denote a sequence of nonnegative numbers, an infinite 
number of which are positive. Let a denote 

{oo 
\z\] Xkz'' < OO, z E C 
k=0 

which is called the convergence radius of the power series. Let f{z) denote the 
generating function of {xk, /c = 0, 1, . . . }. We then have 

oo 

/(2;)=^Xfe^^ \z\<a. (61) 

k=0 

Further by definition, f{z) is holomorphic inside the convergence radius. 
In what follows, we make the following assumption. 

Assumption A.lf (2;) is meromorphic in an open set containing the domain 
{z G C; \z\ < cr}!^, and the point z = a isan mth pole of f{z), where m is some 
finite positive integer. 

Lemma A.l Under Assumption IA.il any pole of f{z) onC{0, a) is of order less 
than or equal to m. 

Proof. We define g{z) as 

9{^) = m (1 - - 
V a 



■f-^In the published version, it is assumed that ''f{z) is meromorphic in the domain {z e C; \z\ < 
a}". 
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From (|6TI) . we have for any £ > 0, 

g{o-e) = f{a-e) (^)™ = E 



k=0 



a 



(62) 



It thus follows from (|6T1) and (|62l) that for any cu* G C such that |a;*| = 1 and 

^ 1, 



lim inf 

z={cr—£)u)t 

£4,0 



f{z) 1 



lim inf 

£4-0 



E 

fc=0 

oo 



< limsup 2^3;fc(cr — eY ( 



= lim sup (^((j — e) = g{a) < oo, (63) 

£iO 

where the last inequality holds because g{z) is holomorphic in some neighbor- 
hood of 2 = cr. Let denote 



= inf < m G N U {0}; lim 



aw. 



< oo 



where f{z){l — zj [obj^Y^ is meromorphic in the domain G C; |2;| < a} for 
m = 0, 1, . . . . Thus, if > m, we have 



lim inf 

z={cr—e)LUt. 



> liminf 



era;* 



oo, 



which contradicts (|63I) . As a result, < m, which implies that this lemma is 
true. □ 

According to Lemma lATTl we introduce the following definition. 

Definition A.l Under Assumption lA.li a dominant pole of f{z) is a pole that is 
located on its convergence circle C(0, a) and is of the same order as that of pole 
z = a. Thus the order of any dominant pole of f{z) is equal to m. 

We make the following assumption, in addition to Assumption lA.il 

Assumption A.2 There exist exactly P {P > V) dominant poles, cr^'s (j = 
0, 1, . . . , P — 1), of f{z), where = a and = argao < argai < • ■ ■ < 
argcrp_i < 27r. 

Remark A.l Since f{z) is the generating function of the nonnegative sequence 
{xfc}, the set {crj; j = 0, 1, . . . , P — 1} consists of one or two real numbers and 
[(P — 1)/2J pairs of conjugate complex numbers. Therefore ajap^j = for 
j = l,2,...,[(P-l)/2j. 
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Theorem A.l Suppose Assumptions^J\and^^hold, and let ai k = l/{a+6o)'^ 
(k = 0, 1, . . . j, where > is a sufficiently small number; and for m = 
2, 3, ... , am,k = k"^~'^/cr'' (k = 0,1, . . . ). Then the following are true. 

(a) The sequence {x^; /c = 0, 1, . . . } satisfies 



k + rh — 1\ 1 
m — 1 / cr 



(m 



6 + 0(aA,fc), (64) 



where 



P-l / \ k / \ m 



fZ?) limsupfc_,^^fc > 0. 

(c) 6 > Oforallk = 0,1,.... 

(i^j /r addition, if {xk} is eventuall]^ nonincreasing and (arg(Tj)/7r a ra- 
tional number for any j = 0, 1, . . . , P — 1, then C,k > for all k = 0,1, . . . . 

Proof See Appendix IC. 51 □ 

Remark A.2 A result similar to the statement (a) is given in Theorem 5.2.1 in 
[|27ll . Further when P = 1, dM]) is reduced to eq. (2) at p. 238 in dSj]. 

Remark A.3 Suppose the candidates for the dominant poles are afs(j = 0,l,... 
1) and at least one of them is indeed a dominant pole (according to Assump- 
tion |A7T1 -2 = cr is a dominant pole). For aj not a dominant pole, we have 

lim 1-- f{z) = 0. 



2— ^cr, \ cr„ 



Thus the statements (a)-(d) of Theorem lA.il still hold, though the right hand side 
of (1651 ) may include some null terms. 



B Period of Markov Additive Processes 

This appendix summarizes fundamental results of the period of MAdPs. In fact, 
most of the results described here are already implied in [|2l |23l, though that is 

^'^In this revised version, we add "eventually" in order to (slightly) strengthen the statement. 
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done in not an accessible way. Further a MAdP related to the Markov chain of 
M/G/1 type (and slightly more general one) are discussed in |[8l. 

We consider a MAdP {(r„, n = 0, 1, . . . }, where the level variable r„ 
takes a value in Z = {0, ±1, ±2, . . . } and the phase variable J„ takes a value 
in J = {1,2,..., J}. Let r(A;) (k G Z) denote a J x J matrix whose (i, j)th 
G J) element represents 

Pr[r„+i = ko + k, Jn+i = j I r„ = ko, J„ = i], 

for any fixed ko G Z. For simplicity, we denote the MAdP {(r„, J„);n = 
0, 1, . . . } with kernel {r(A;); A; G Z} by MAdP {r(A;); k G Z}. For any two 
states {ki,ji) and (^2,^2) in Z x J, we write (/ci, ji) — {k2,j2) when there 
exists a path from {ki,ji) to (A;2, j2) with some positive probability. 

Assumption B.l 

(a) r = J2kez ^i^) irreducible. 

(b) For each j G J, there exists a nonzero integer kj such that (0, j) — )■ {kj,j). 
Let Kj (j G J) denote 

K, = {A; G Z\{0}; (0,j) ^ (A;,j)}, 
which is well-defined under Assumption lB.il 

Lemma B.l Under Assumption \B.1\ let dj = gcd{A; G K.j}forj G J. Then dj's 
(j G Jj are all identical. 

Proof. See Appendix IC. 6 1 □ 

Definition B.l According to Lemma IbTTI we write d to represent dfs and refer 
to the constant d as the period of MAdP {T{k)] k G Z}. 

We choose a state io ^ J and then define Jg °^ as 

4^°^ = {j G J; (0,2o) -> ^ = (modd)}. 

We also define jIA"^ (m = 1, 2, . . . , - 1) as 

J(;°) = {JG J; (0,Zo)^(A;,j), fc = m(modrf)}. 

Since F is irreducible, each j G J must belong to at least one of {Sm ^ ; m = 
0, 1, . . . , - 1}. Further for any i G S'ni'\ 

(0, i) — )■ (A;, io) only if A; = — m (mod d), 
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which implies that Jm^ D Jm"'' = for mi ^ m2 (if not, it would hold that 
(0, io) {k, io) for some A; = mi - mo ^ (mod d)). Thus 4'°^ + + • • ■ + 
Sd-i = J ^^'^ there exists a functional go from J to {0, 1, . . . , — 1} such that 
j G JJ^j|'(^.). It follows from the definition of J^°^'s that 

[T{k)]ij > only if = qo{j) - qo{i) (mod d). 

As a result, we obtain the following result. 

Lemma B.2 Under Assumption \B.1\ the period d is the largest positive integer 
such that 

[r{k)]ij > only ifk = q{j) - q{t) (mod d), (66) 

where q is some functiot^from J to {0, 1, . . . , d — 1}. Further let = {j G 
J) qU) = "^j far m = 0,1, . . . ,d — 1. Then Sm's (m = 0,1, . . . ,d — 1) are 
disjoint each other and Jo + Ji + ■ ■ • + Sd-i = X 

In the rest of this section, we discuss the relationship between the period d 
of MAdP {T{k); G Z} and the eigenvalues of the generating function T*(z) 
defined by X^fcez '^'^-'^(^)- L^*- ^i^) denote a J x J diagonal matrix whose jth 
diagonal element is equal to z^'^^^^ . It then follows from (l66l) that 

T*{z) = A{z)A*{z'^)A{z)-' = A{z/\z\)A*{z^)A{z/\z\)-\ (67) 

where A*{z) denotes a J x J matrix whose {i, j)th element is given by 

[A*{z)],, = J2^''[nnd + q{j) - qm^,r 

neZ 

Let j{z) and g{z) denote left- and right-eigenvectors of T*{z) corresponding to 
eigenvalue S(T*(z)), normalized such that 

-fiz)A{z/\z\)e = 1, l{z)g{z) = 1. (68) 

We then have the following lemma. 

Lemma B.3 Suppose Assumption \B. 1 \ holds. and let = {y > 0; X^fcez ^/^^(A;) < 
oo} and = exp(27rt/x) (x > 1). Then the following hold for any y E and 
u = 0,1, . . . ,d — 1. 

(a) ^(r*^/^^)) = 6(T*{y)), both of which are simple eigenvalues. 

(b) jiyu'^) = j{y)Aiu'^)-' and g{yu^,) = A{uMy)- 
■f^coiTected: "an injective function" — > "a function" 

■l-^The published version states that function q is injective. However, this is not true, in general. 
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Proof. It follows from ([671) that for z/ = 0, 1, . . . , d - 1, 

= A(a;,^)r (y)AK)-\ (69) 

which implies the statement (a) because T*{y) is nonnegative and irreducible. 
Next we prove the statement (b). Pre-multiplying both sides of (|69| ) by 7(1/) A((X'^)~^ 
and using 6{T*{yu^)) = 6{T*{y)), we have 

[7(z/)AK)-i] T*{yco2 = 6{T*{y)) [j{y)A{co:^)-'] 

= 6{T*{yu:'^)) [j{y)A{u'^)-'] . (70) 

Similarly we obtain 

r (yo;,-) [A{uMy)] = s{r*iyu:;)) [AicoMy)] ■ (71) 

It follows from (TTOl) and (fTTI) that there exist some constants ^pi and such that 

7(1/0;,^) = y.i7(z/)AK)-\ 5(ya;,^) = ^2A{coMy)- 

We can easily confirm that v?i = V'2 = 1 satisfies the normalizing condition (|68l) . 

□ 

Theorem B.l Suppose Assumption\BJ} holds and 6 (r*{y)) = 1 for some y G 
anJ Ze? a; denote a complex number such that \uj\ = 1. Then 6{r*{yu)) = 1 
if and only ifuj'^ = 1. Therefore 

d = max{neN;5{T*{yujn)) = 1}. (72) 

Further if6(T*{yijj)) = 1, the eigenvalue is simple. 

Proof. Although Theorem lB.ll can be proved in a similar way to Proposition 14 
in the proof is given in Appendix IC.7I for completeness and the readers' 
convenience. □ 

Remark B.l Theorem lB . 1 [ provides a definition of the period of MAdP {T{k); k G 
Z}. In a very similar way, Shurenkov [|23l defined the period of MAdPs with 
proper kernels. In the context of this paper, his definition is as follows: 

d = max {n G N; T*{ujn)f = f for some / G s.t. \[f]j\ = 1 (j g J)} . 

(73) 

We can confirm that (1731 ) is equivalent to Theorem IB. II if r*(l) is stochastic. 
Shurenkov ||23l also implied that the statement of Lemma IB. 21 holds, based on 
which Alsmeyer |[2l defined the period of MAdPs. 
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C Proofs 



C.l Proof of Proposition 12.1 



In order to prove this proposition by the reduction to absurdity, we assume the 
negation of the statement, i.e., either (i) G is strictly lower triangular, or (ii) G 
takes a form such that 



G = G2,i G2 O \, (74) 













G2 





Gs^i 


Gs^2 


Gs 



where Gj (i = 1, 2) is irreducible and G2 may be equal to G, (in that case, G, 
is irreducible). If case (i) is true, then G is a nilpotent matrix and thus G^ = O 
for some m G N, which is inconsistent with As sumption 1 1 . 1 1 (a) . 

In what follows, we consider case (ii). For simplicity, we denote {{k, G 
M} by L(fc) {k G N), and then partition lL{k) into subsets Li(fc), L2(fc) and 
L3(fc) corresponding to Gi, G2 and G3, respectively. According to (l74l) and the 
definition of G, for any k > 2 and I (1 < I < k) there exists no path from Li(/c) 
to L2(0 avoiding L(0) ^ {(0, j); J e Mq}. 

We now fix A; > M+ 1 (> 2). Since the cardinality of M is equal to M, it fol- 
lows from As sumption 1 1 . 1 1 (b) that there exists a path from Li (k) to U^^q^^s (m) 
of length at most M. Such a path does not go through any state of L(0) because 
of the skip-free-to-the-left property of T. Thus for some /' > 1, there exists a 
path from Li(A;) to L2(/') avoiding L(0). If /' < k, we immediately have a con- 
tradiction. In fact, for /' > k, we also have a contradiction because there exists a 
path from any state of L2(Z') to any state of L2(l) avoiding L(0), which follows 
from the irreducibility of G2. □ 



C.2 Proof of Proposition 123 



We prove this proposition by reduction to absurdity. The negation of the state- 
ment is that either (i) R is strictly upper triangular or (ii) R takes a form such 
that 

(Ri Ri,2 Ri,3 \ 
O R2 R2,3 , (75) 
O O R, J 

where Ri {i = 1,2) is irreducible and R2 may be equal to R,. If case (i) is true, 
i? is a nilpotent matrix, which contradicts (fT9l) . 

Next we consider case (ii). We partition L(A;) into subsets hi(k), L,2{k) and 
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L3(A;) corresponding to Ri, R2 and R^, respectively. Note here thajiZl 



[R]ij = E 



k=l n=l 



Xn = 1, Sn = i 



where l(x) denotes the indicator function of event x- Thus (1751) implies that for 
any I > 2 there exists no path from L2(l) to Li(Z) avoiding L(l). On the other 
hand, owing to the irreducibility of R2, there exists some integer /c^, > M + 2 
such that 'L2{K) is reachable from L2(l) avoiding L(l). Further for some > 2, 
there exists a path from L2(/c*) to Li(/^,) avoiding L(l), because the cardinality 
of M is equal to M, A is irreducible and T has the skip-free-to-the-left property. 
Therefore we have a path from L2(l) to Li(Z^,) via L,2{K) (/*, > 2) avoiding 
L(l). This yields a contradiction. □ 



C.3 Proof of Proposition 12^ 



We suppose that there exists some i G M such that (0, i) — )■ (k, i) only for A; = 0. 
Since Yl,k& ^A{k) = A is irreducible (see Assumption ! 1 . 1 1 (b)). for each j G M 
there exists a unique pair (fcjj, kj^i) such that /cjj + kj^i = and 

(0,i) ^ (0,j) ^ 

It thus follows that for any k^ G Z, 

Pr[X„ > fco + i^min (Vn = 1, 2, . . . ) I Xo = fco, = i] = 1, (76) 

where -ft'min = niinjgM We now fix k^ to be /cq = max(l, 1 — iCmin)- Clearly 
/eq > 1 and fco + -f^min = max(l, 1 + i^min) > 1- Therefore (1761) yields 



Pr[X„ > 1 (Vn = 1, 2, . . . ) I Xo = fco, 5o = ^] = 1- 
As a result, from (l25l) and (|77l) . we have 

Pr[X„ > 1 (Vn = 1,2, . . .) I Xo = A:o,5o = ^] = 1, 
which contradicts Assumption 1 1 . 1 1 (a) . 



(77) 



□ 



C.4 Proof of Lemma 3.2 



It follows from the definition of rm(2)'s (m = 1, 2, ... , M) that 

M 

adj(x/ - T\{z)){xl - T\{z)) = n - r„,{z))I. 

m=l 



(78) 



■f^The equation of [R]i.j is corrected. 
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Since ri(^a;^) = 6{T\{euj';)) = 1 (i^ = 0, 1, . . . , r - 1), (EH]) leads to 

adj(/ - r*^{9uj';)){i - r*^{9uj!;)) = o, u = o,i,...,t-i. m 

On the other hand, differentiating both sides of (1781) with respect to x yields 

' d 



dx 



^d]{xI-T\{z)) 



M 



[xI-T\{z))+s.d]{xI-T\{z)) = Y, n {^-^-M)!. 

1=1 m6M\{Z} 



Post-multiplying both sides of the above equation by v{z)^{z), we obtain 
d 



dx 



s.d]{xI-T\{z)) 



M 



X - ri{z)]v{z)n{z) + adj(a;i' - T\{z))v{z)fj,{z) 

(80) 



= Y1 n (x -rUz))viz)fi{z). 

1=1 mGM\{/} 

Since ri(^u;^) = 1 and U^^2i^ - r™(^w^)) ^ 0, letting x = 1 and ;z = 0< in 
dSOl) yields 

M 

adj(/ - r^{9uj'^))v{9co'^)fx{9u'^) = - r^{9uj^,))v{9uj^^)ii{9uj'',), 

m=2 

from which and (|79|) it follows that 

adj(/ - r\{9u';))[I - r:,(0<) + 



M 



l[{l-rr^{9u!;))v{9uj';)^i{9u';). 



(81) 



m=2 



Note here that / — T\(9u'^) + v(9uj'^)fj,(9co'^) is non-singular and 
[J - T*^{9io'^) + v{9io'^)fM{9u::)]-' = fi{9oo';) 
Thus (EB leads to ([38]). 



□ 



C.5 Proof of Theorem A. 1 



Statement (a). It follows from Assumption I A. 1 1 that there exists some R > a 
such that f{z) is holomorphic in the domain {z E C;a < \z\ < R}. We can 
choose P positive numbers r/s (j = 0, 1, . . . , P — 1) such that all the C(crj, rj)'s 
are strictly inside C(0,i?) and any two of them have no intersection. Let D 
denote 



p-i 



{z;\z\<R} \ [j{z;\z-aj\<rj}. 

j=0 
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Clearly /(2) is holomorphic in domain ©UC(0, i?)UC((To, ro)U- • ■UC(o-p_i, rp_i' 
Thus by the Cauchy integral formula, we have 



/(C) 



1 

dc-— y 



/(C) 



dC, ^ e ©, (82) 



where the integrals are taken counter-clockwise. 

We now consider the first term in (|82l) . For any z G D and C G C(0, i?), we 
have \zlC\ < 1 and therefore 



1 
2tu 



/c(o,m C - ^ 27rt /c(o,ij) C ^ 



z G 



(83) 



'c(o,R) C - ^ 27rt 
Since /(C) is holomorphic for ( G C(0, i?), there exists some /max > such that 

1/(01 < /max, CeC(0,i?). (84) 

Thus for any fixed z G D, 

fn 



/(C) 



c ^ c 

^ n=0 ^ 



< 



R 



n=0 



/max 1 




2; 




R 



<cx), CeC(0,i?), 



which shows that the order of summation and integration on the right hand side 
of (1831 ) is interchangeable. As a result, it follows from (|83] ) that 



1 

2tu 



Jc(0,iJ) C - ^ V^TTt Jc7(0,R) C / 



where 



Cn = 7^/ T^dC, 72 = 0,1, 



(85) 



(86) 



Next we consider the second term in (|82l) . Since \( — aj\/\z — aj] < 1 for 

any 5; G D and C G C((jj, r^), 



C-z {aj - z)- {aj - C) (^j-z i_ ~C 



^ 00 



J n=0 ^ ^ 



a^-z 



Thus we have 



0-,- - Z 
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In a way very similar to the right hand side of (f83l) . we can confirm that the order 
of summation and integration in the above equation is interchangeable, and then 
obtain 



1 

27U 



Since z = aj is an mth order pole, 



z eB. (87) 



/(C)(C-^i)"" dC = 0, foralln = m + l,m + 2, 

from which and (|87l) we have 



1 

27a 



/(C) 



rh . 



n=l 



n=l 



2txl 



1 
27U 



/(C)(C-^,)"~MC 



/(C)(i-CM 



m m 



1 vf^i - z) 



(88) 



where 



/(C)(i-CM)" 



-dC- 



Substituting ([85]) and dMl) into ([821), we have 



P— 1 rh rh 



n=0 



and therefore 

00 00 

n=0 n=0 



P-1 m 



j=0 n=l 



(89) 



,0",- — 

j=0 n=l ^ ^ 



z E B)n{z E C; \z\ < a}. (90) 



Differentiating both sides of (l90l) A; times with respect to 2;, dividing them by k\ 
and letting z = yield 



P-l m 

a^fc = + 

j=0 n=l 



+ - 1\ 1 



72—1 / (jj^ 



(91) 
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It follows from (1841) and dM that 



27r 



C(0,i?) 



/(C) 



27r 



C(0,i?) 



/max 1 ^ 



/n 



which leads to 



lim 



lim \ck\(y^ < lim /^ax f ^) = 0, for all j = 0, 1, . . . , P-1, 



(92) 

where we use \aj\ = a (J = 0, 1, . . . , P — 1) and < a/R < 1. From (|9TI) and 
(I92l) . we have 



A; + m - 1\ 1 ^ f (^\'' ^/ X 

m — 1 / cr'^ V cr,- ' 



(m 



(93) 



Note here that ([891) yields 

1 f /(c)(i-cM-r 



27ri 



C(<7j,r,) 



-dC = lim ( 1 



/(C), (94) 



where we use the Cauchy integral formula in the last equality. As a result, the 
statement (a) is true. 



Statement (b). From (|64l) and the definition of {ctm.fc}, we have 



k 



fh—l 



1 



Xk 



(m - 1)\ a' 



:^k + o 



„rn—l 



(95) 



We now suppose limsupjr._^^ < 0. Then (1951 ) yields 

lim sup =0, 

fc— >-00 U 

which implies that for any e > there exists some positive integer > m — 1 
such that Xfc < e{k™-^^ / a^) for all k = K^, + 1, . . . . Thus we have 



/(!/)< 5^ + , 0<y<a. 

k=0 k=Ke 



(96) 



Note that for / = 1, 2, . . . , 



OO ^ ; 
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Note also that there exists an (m — l)-tuple (61, 62, • • • , &m-i) of real numbers 
such that 

rh—l 

^J2bi-k{k-l)---{k-l + l). (98) 

1=1 

It follows from (|96l), (|97]) and ([98]) that for any e > 0, 

( 

0<limsup 1 f{y) < ebrh-i{m - 1)1. 

Letting e — )■ in the above inequality, we have limj^t-cr {1 — iv/^)}"^ fiv) = 0' 
which is inconsistent with Assumption lA.il 

Statement (c). It follows from (|94| ). Assumption IA.2I and Remark [A. II that 
co,m is a real number and (Cj,m, cp-j^fh) (j = 1,2,..., [(P — 1)/2J ) is a pair of 
complex conjugates, and thus is a real number such that 

L{P-1)/2J 

6 = 2/0+ 5Z cos(27rfcaj), = 0, 1, . . . , (99) 

where y, G M (j = 0, 1, . . . , [(P - 1)/2J) and < a, < 1 (j = 1, 2, . . . , [{P - 
1)/2J). 

In what follows, we assume < for some nonnegative integer ko and 
then prove the following. 

Claim: There exists some b > such that C,k < —bfor infinitely many k's. 

If this is true, (|95] ) implies that < for a sufficiently large k, which contradicts 
the fact that > for all A; = 0, 1, .... As a result, for all /c = 0, 1, . . . , must 
be nonnegative, i.e., the statement (c) is true. 

We split A = {aj]j = 1, 2, ... , [(P — 1)/2J} into rational numbers and 
irrational numbers. We then define ^0 ^s the set of the rational numbers of 
A. Next we choose an irrational number aj-^ from ^\^o (if any) and let Ai = 
{aj E ^\^o; is rational}. Further we choose an irrational number aj^ 

from^\(^oU^i) (if any) andlet^2 = {«j £ ^\(^oU^i); aj/aj^ is rational}. 
Repeating this procedure, we can obtain P sets, A/s {j = 1,2, ... , P), where 
P may be equal to zero, i.e., all members of A may be rational. Let aj (j = 
0, 1, . . . , P) denote some number such that all members of Aj are multiples of 
aj. Then Oj's (j' = 0, 1, . . . , P) are linearly independent over the rationals (see 
Definition ^JJ). Note here that forn = 1, 2, . . . , 



cos{nt) = T„(cost), 



t G M, 
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where T„(t)'s {n = 1, 2, ... ) denote the Chebyshev polynomials of the first 
kind. It thus follows from (l99l) that there exist some polynomial functions ^(■^^^ 's 
(j = 0, 1,...,P) on M such that 

p 

= ?/o+^/'^'^"^ocos(27rA;ao)+^^^'^^^ocos(27rA;5j), A; = 0, 1, ... , (100) 

i=i 

where ip^-^^^ o cos(-) denotes a composite function 'ip^-^^\cos{-)) of functions 
and cos(-). Since is rational, there exists some g eN such that 

ij^^'''>o{2n{ng+k)ao) = ^^^''^ocos(27rA;ao), for all A;, n = 0, 1, ... . (101) 
Therefore in the case of P = 0, it follows from (|100l) and (IIOII) that 

^ng+ko =yo + V^^"^"^ o cos(27rA;oao) = 6,, < 0, for all n = 0, 1, . . . , 

which implies the above claim. 

We next consider the case of P > 1. Since gai, ga2, . . . , gap axe linearly 
independent over the rationals, it follows from Proposition lD. 1 I that for any e > 
and any t = {ti,t2, . . . ,tp) G R^, there exist integers := n^,{e, t) and Ij : = 
lj{e, t) 0' = 1, 2, . . . , P) such that 

\{n^g + ko)aj - Ij - tj\ < j = 1,2,...,P. 

zn 

Thus since o cos(27rx) is a continuous function of x, there exists some 

5 := 5{e) > such that lime^o 5 = and 

iV^(-^j) o cos(27r(n,^ + ko)aj) - ^^-^^^ o cos{2ntj)\ < 6, j = 1, 2, . . . , P. 

(102) 

It follows from (fTOOl) . (fTOTl) and (flOll) that 

Cn.g+feo - ^2/0 + V^^'^"^ o cos(27rfcoao) + 5^ ^^'^'^ o cos(27rtj) j 
p 

< ^ o cos(27r(n,^ + ko)aj) - ip'^-^^^ o cos(27rtj)| < P5. (103) 

i=i 

We define 14(A;) and V1(A;) (A; = 0, 1, . . . ) as 

p 

V+{k) = yo + ip^'^°^ o cos(27rfcao) + max\^ ip^-^'^ o cos(27rt,), 

p 

y_{k) = yo + ip^^"^ o cos(27rA;ao) + min V ?/)("^^^ o cos(27rL), 
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respectively. It follows from the above definition and (1 1001) that V-{ko) < 
^ko < y+{ko)- Further (11031) implies that {^ng+ko'^ ^ = 0, 1, • • • } is dense in 
the interval [V^{kQ),V^{kQ)]. Thus there exist infinitely many ?7,'s such that 
ing+ko < y-{ko)/2 < 0. This completes the proof of the statement (c). 

Statement (d). We prove this by reduction to absurdity, assuming < 
for some nonnegative integer k. Since {aTgaj)/n is a rational number for any 
j = 0,1,...,P — 1, there exist a positive integer g and nonnegative integers 
/o,/i, . . .Jp-i sucho-j = aexp{L27rlj/g) (j = 0, 1, . . • Clearly, ^^^.^^^ < 

for all n = 0, 1, .... It thus follows from (l95l) that for any e > there exists 
some nonnegative integer h such that ng + k > m — 1 and 

jng + A;)"-i . 
Xng+k<£ , foralln = n,n+l,.... 

We now fix n to be such that {xk} is nonincreasing for all k > ng + k (recall 
that {xk} is eventually nonincreasingji^. It then follows that 



(ng + k)"^-^ 

(j-ng+k 



x^g+%+i<e , n = n,n+l,..., / = 0, 1,...,^ 



which yields for < ?/ < a, 

hg+k-l oo , t\m-l 



0<f(y)< E + «'"''^«' 

k=0 n=h 1= 

n=n 

oo 

fc=m— 1 
oo 

<Ci+6C2 k^~'(-y ""\ (104) 



y^k 



k=m.—l 



k—m+l 



where Ci = YTk^Q^'^ ^''^k < oo and C2 = {I - (tS)/(1 - a). Note here that 
the second last inequality in (I104|) follows from hg + k > m — 1 and the last one 
follows from < y /a < 1. 

Let = YlT=o{y/^)^ = ~cr(?/ — cr)"^ for < y < cr. We then have for 
< y < a. 



A:=0 k=rh-l 



■f'^This part is the only difference from the proof of the published version. 
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Thus for 1 < / < m — 1, 

y \ ^ ^m— 1 



fc=m— 1 

Using this inequality and (l98l) . we can bound /(y) in (|104l) as follows, 
where C = C2(y"^~^ Ylh=i^ ^i- Further, 

Jm— 1 Jm— 1 

As a result, 

< limsup f 1 - -Y f{y) < sC{m - 1)!^-'^+^ 

Letting e — )■ in the above inequality, we have limj^-i-cr (1 — y/o")'" f{y) = 0, 
which contradicts Assumption lA.il □ 



C.6 Proof of Lemma B.l 



Under Assumption IB. 11 for any z, j G J (i 7^ j) there exist integers ki^ and /cj j 

(fcjj + /cj^j 7^ 0) such that (0,2) — )• {kij,j) and (0,j) — > {kj^i,i). Let Kj_^j_j.j 
denote 

Kj_i.j^j = {kj^i + ki j} U + k + kij] k G Kj}. (105) 

Clearly Kj^i^j C Kj and therefore 

gcd{A; G Kj-^i^J > gcd{fc G K^} = dj. (106) 

In what follows, we prove gcd{A; G Kj^j^j} < di, from which and (11061) it 
follows that (ij < di. Interchanging i and j in the proof of dj < di, we can 
readily show that di < dj. Therefore we have di = dj. 

Since (0,i) — )■ {kij,j) — )■ {kij + kj^i, i), 'weha.ve kij + kj^i G Kj and therefore 
/cj + fcj j = aofij for some integer ao 7^ 0. Note here that Kj has at least two 
elements because 

{kij + kj^i} U {/ejj + k + kjXi A; G Kj} C Kj. 

Thus there exists a couple of nonzero integers (ai, 02) such that {airfj, a2(ii} C 
and gcd{ai, 02} = 1, due to d^ = gcd{A; G Kj}. It follows from (11051 ) and 

kij + /cj^j = a^di that 

lKj_!.j_^j ^ {/uj^j + kij} U {A^j^j + ciidi + fcjj', + ci2di + fcjj} 
= {aofij} U {aodi + aidj, agrfj + a2di} 
= {aodi, (flo + ai)di, (ao + a2)c?i}, 
which leads to gcd{A; G Kj^i^j} < gcdjaorfj, (ao + ai)di, (ao + a2)(ii} = d^. □ 
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C.7 Proof of Theorem EI 



Since the if-part follows from Lemma lB3l we prove the only-if part. Let V{uj) 
denote a J x J matrix such that 

V{uj) = dmg{g{y))-'T*{yuj)diag{g{y)), \uj\ = 1, 

where diag(a;) denotes a diagonal matrix whose jth diagonal element is equal 
to [x]j for a vector x. It is easy to see that V{1) is irreducible and stochastic 
and S{V{uj)) = 5(T*{yuj)) = 1. Let / = {fj;j E J) denote a right eigen- 
vector of V{uj) corresponding to 6 (V{uj)) = 1. We then have for any n G N, 
= / and thus 

(107) 

where {r(")(A;); /c G Z} is the nth-fold convolution of {r(A;); A; G Z} with itself. 

Note that E,aE.«2/1r('^n^)]..[»(y)Ly[&(y)]. = 1 because (V(l))-e = e. 
Let i' denote an element of J such that > \fj\ for all j G J. It then follows 
from (11071) that for any j G J, 



'=Zl = lif[rW(A:)],,, >0. (108) 
Ji' 



Since r*(l) is irreducible, for any j G J there exist some n G N and k E Z 
such that [T^'^\k)]i>j > 0. Thus (11081) implies that |/j|'s are all equal, because 
= 1. We now consider a path from phase i to phase i such that 

(0,z) -> {ki,ii) {k2,i2) ikm,im) = {k-m,i), 

where (/c/, i;) G Z x J for / = 1, 2, . . . , m and m G N. Since the period of MAdP 

{r(/c)} is equal to d, ki + k2 -\ h fcm is a multiple of d. From (11081 ), we have 

i^fci+fe2+ - +fcm _ I ^Yms lo'^ = 1. The proof of the only-if part is completed. 

As for the remaining statements, (|72|) is obvious, and it follows from Lemma lB3l (a) 
that if 6{T*{yu)) = 1, then the eigenvalue 5{T*{yu'^)) = 1 is simple for u = 
0,l,...,d-l. □ 



D Kronecker's Approximation Theorem 

The following is Kronecker's approximation theorem. For details, see, e.g.. The- 
orem 7.10 in [i3J. 

Proposition D.l Let ji's (i = 1,2, ... ,n) denote arbitrary real numbers. Let 

Pi's (i = 1,2, ... ,n) denote arbitrary real numbers such that Pi, (32, . . . , (3n and 
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1 are linearly independent over the rationals (see Definition \D. 1 1 below ). Then 
for any e > 0, there exist an [n + l)-tuple {k, li, h, ■ ■ ■ , In) of integers such that 

\kl3i — li — < e, for alii = 1,2, ... ,n, (109) 

and thus for any e > and any 7^ G [0,1], 

\k(3i - [k(3i\ - 7i| < e, for alii = 1,2, ... ,n, 

which implies that k[3i — \_k[3i\ {k G Z) is dense in the interval [0, 1]. 

Definition D.l Arbitrary real numbers /3j's {i = 1,2, ... ,n) are said to be lin- 
early independent over the rationals ( equivalently integers) if there exists no set 
of rational numbers gi's {i = 1,2, . . . ,n) such that (gi, g2, • • • , ?n) 7^ and 

+ (^2q2 + ■■■ + Pnqn = 0. (1 10) 

Therefore if /J/s are linearly independent over the rationals, (IllOl) implies that 

Ql = q2 = ■ ■ ■ = Qn = 0- 



E Example against Assumption [L3 



We suppose A(fc)'s (k = 0,1, . . .) are scalars such that for some finite r > 1, 

^(^) = ^(k + iy/ § ^{n + lf' k = 0,l,.... 
Clearly, = r. We define F{x) (x > 1) as 

>^ 1 1 

It then follows that for any x>l. 



00 



which leads to 



// N 1 9 TT^ 
F' l >l-> -r = > 0, 

t^^ik + lf 4 6 



F"{x) > 0. 
Thus since -F(r^) > -F(l), we have 



-5(A*M) = -A*(r^) = ^ < 1. 
ta F{rA) 
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